Abstract. I calculate the modes of vibration of membranes of arbitrary shape using a collocation approach based on Little Sinc Functions. The matrix representation of the PDE obtained using this method is explicit and it does not require the calculation of integrals. To illustrate the virtues of this approach, I have considered a large number of examples, part of them taken from the literature, and part of them new. When possible, I have tested the accuracy of these results by comparing them with the exact results (when available) or with results from the literature. In particular, in the case of the L-shaped membrane, the first example discussed in the paper, I show that it is possible to extrapolate the results obtained with different grid sizes to obtain higly precise results. Finally, I also show that the present collocation technique can be easily combined with conformal mapping to provide numerical approximations to the energies which quite rapidly converge to the exact results.
Introduction
This paper considers the problem of solving the Helmholtz equation − ∆ψ(x, y) = Eψ(x, y)
over a two-dimensional domain, B, of arbitrary shape, assuming Dirichlet boundary conditions over the border, ∂B. Physically, this equation describes the classical vibration of a homogenoeous membrane or the behaviour of a particle confined in a region with infinite walls in quantum mechanics. Unfortunately exact solutions to this equation are available only in few cases, such as for a rectangular or a circular membrane, where they can be expressed in terms of trigonometric and Bessel functions respectively [1] .
In the majority of cases, in fact, only numerical approaches can be used: some of these approaches are discussed for example in a beautiful paper by Kuttler and Sigillito, [2] . The purpose of the present paper is to introduce a different approach to the numerical solution of the Helmholtz equation (both homogenous and inhomogeneous) and illustrate its strength and flexibility by applying it to a large number of examples. The paper is organized as follows: in Section 2 I describe the method and discuss its application to the classical problem of a L-shaped membrane; in Section 3 I consider an homogenous membrane, with the shape of Africa and calculate few states; in Section 4 I consider two inequivalent membranes, which are known to be isospectral, obtaining a numerical indication of isospectrality; in Section 5 I study an example of irregular drum; in Section 6 the method is applied to study the emergence of bound states in a configuration of wires of neglegible transverse dimension, in presence of crossings; in Section 7 I show that even more precise results can be achieved by combining the collocation method with a conformal mapping of the boundary. Finally, in Section 8 I draw my conclusions.
The method
The method that I propose in this paper uses a particular set of functions, the Little Sinc functions (LSF) of [13, 14] , to obtain a discretization of a finite region of the two-dimensional plane. These functions have been used with success in the numerical solution of the Schrödinger equation in one dimension, both for problems restricted to finite intervals and for problems on the real line. In particular it has been proved that exponential convergence to the exact solution can be reached when variational considerations are made (see [13, 14] ).
Although Ref. [13] contains a detailed discussion of the LSF, I will briefly review here the main properties, which will be useful in the paper. Throughout the paper I will follow the notation of [13] .
A Little Sinc Function is obtained as an approximate representation of the Dirac delta function in terms of the wave functions of a particle in a box (being 2L the size of the box). Straightforward algebra leads to the expression
sin ((2N + 1) χ − (x)) sin χ − (x) − cos ((2N + 1)χ + (x)) cos χ + (x) .
where χ ± (x) ≡ π 2N h (x ± kh). The index k takes the integer values between −N/2 + 1 and N/2 − 1 (N being an even integer). The LSF corresponding to a specific value of k is peaked at x k = 2Lk/N = kh, h being the grid spacing and 2L the total extension of the interval where the function is defined. By direct inspection of eq. (2) it is found that s k (h, N, x j ) = δ kj , showing that the LSF takes its maximum value at the k th grid point and vanishes on the remaining points of the grid.
It can be easily proved that the different LSF corresponding to the same set are orthogonal [13] :
s k (h, N, x)s j (h, N, x)dx = h δ kj (3) and that a function defined on x ∈ (−L, L) may be approximated as
This formula can be applied to obtain a representation of the derivative of a LSF in terms of the set of LSF as: 
where the expressions for the coefficients c (r) kj can be found in [13] . Although eqs. (4) is approximate and the LSF strictly speaking do not form a basis, the error made with this approximation decreases with N and tends to zero as N tends to infinity, as shown in [13] . For this reason, the effect of this approximation is essentially to replace the continuum of a interval of size 2L on the real line with a discrete set of N − 1 points, x k , uniformly spaced on this interval.
Clearly these relations are easily generalized to functions of two or more variables. Since the focus of this paper is on two dimensional membranes, I will briefly discuss how the LSF are used to discretize a region of the plane; the extension to higher dimensional spaces is straightforward. A function of two variables can be approximated in terms of (N x − 1) × (N y − 1) functions, corresponding to the direct product of the N x − 1 and N y − 1 LSF in the x and y axis: each term in this set corresponds to a specific point on a rectangular grid with spacings h x and h y (in this paper I use a square grid with
Since (k, k ) identifies a unique point on the grid, I can select this point using a single index
which can take the values 1 ≤ K ≤ (N − 1) 2 . I can also invert this relation and write
where [a] is the integer part of a real number a and ε → 0. As a natural extension of the results presented in [13, 14] I can consider the Schrödinger equation in two dimensionŝ
using the convention of assuming a particle of mass m = 1/2 and setting = 1. The Helmholtz equation, which describes the vibration of a membrane, is a special case of (9), corresponding to having V (x, y) = 0 inside the region B where the membrane lies and V (x, y) = ∞ on the border ∂B and outside the membrane. The discretization of eq. (9) proceeds in a simple way using the properties discussed in eqs. (4) and (5):
where (k, j, k , j ) = −N/2 + 1, . . . , N/2 − 1. Notice that the potential part of the Hamiltonian is obtained by simply "collocating" the potential V (x, y) on the grid, an operation with a limited computational price. The result shown in (10) corresponds to the matrix element of the Hamiltonian operatorĤ between two grid points, (k, k ) and (j, j ), which can be selected using two integer values K and J, as shown in (6) . Following this procedure the solution of the Schrödinger (Helmholtz) equation on the uniform grid generated by the LSF corresponds to the diagonalization of a (N − 1)
2 × (N − 1) 2 square matrix, whose elements are given by eq. (10). I will now use a specific problem, the vibration of a L-shaped membrane, represented in Fig.1 , to illustrate the method, and discuss different implementations of the method itself. This problem has been widely used in the past to test the performance of the different numerical methods (see for example refs. [3, 4, 5, 2, 7, 8, 9, 10, 11] ) and it is therefore a useful tool to assess the strength of the present approach. Because of the reentrant corner, corresponding to the angle θ = 3π/2 located at (0, 0), the derivatives of ψ(x, y) in the radial direction are unbounded (see [3] ).
Reid and Walsh in [3] obtained a numerical approximation for the two lowest modes of this membrane using finite differences and a confomal map which eliminates the reentrant corner (see fig.5 of [3] ); a more precise result was later obtained by Fox, Henrici and Moler who used the Method of Particular Solutions (MPS) in [4] exploiting the symmetries of the problem (the reader may find a detailed discussion of the symmetries for this problem in [2] ): the first eight digits of the lowest eigenvalue reported by the authors are correct. Mason has obtained numerical estimates for the first few modes of the L-shaped membrane in terms of a two dimensional Chebyshev series [5] . Milsted and Hutchinson [6] have obtained finite element solutions to this problem. Sideridis in [7] used a conformal mapping of the L-shaped region onto a square and then solved the resulting equation on a uniform rectangular mesh, obtaining the first four digits of the lowest mode. Schiff, ref. [8] , has calculated the first 15 lowest modes of this membrane using finite elements, with a refined grid covering the region surrounding the reentrant corner.
More recently Platte and Driscoll have solved the boundary value problem on the L-shape membrane using radial basis functions [9] . Finally Betcke and Trefethen have revisited the MPS in [10] ; in that paper they have observed that the MPS reaches a minimal error for a certain value of N (the number of collocation points on each of the sides non adjacent to the corner where the expansion is performed) but then it starts to grow as N increases. The modified version of the method discussed in [10] , which samples the Fourier-Bessel functions also in the interior points, corrects this problem and provides a convergent behaviour for the error. In this way Betcke and Trefethen were able to obtain the first 14 digits of the lowest eigenvalue of the L-shaped membrane, E 1 ≈ 9.6397238440219. I will use this precise result to test the accuracy of our method. Ref. [11] contains precise estimates for some higher excited states of the L-shaped membrane.
I will now apply the LSF to the numerical solution of this problem: looking at Fig. 1 I consider the grid points which are internal to the membrane and which do not fall on the border. For a fixed N there is a total of 3/4N 2 − 2N + 1 points; the grid represented in the figure corresponds to N = 14 and therefore to a total of 120 internal points. In this case the collocation of the Hamiltonian on the uniform grid generated by the LSF leads to a 120 × 120 matrix, which can then be diagonalized. The eigenvalues of this matrix provide the lowest 120 modes of the membrane, while the eigenvectors provide the lowest 120 wave functions. Alternatively I can pick all the points of the grid internal to the membrane, including those falling on the border: in such case a total of 3/4N 2 − N points is found, corresponding to a total of 133 points in the case of the Figure. Table 2 contains the first 108 eigenvalues of the L-shaped membrane calculated using a grid with N = 60 and selecting the grid points according to the prescriptions just explained. I have used the notation E (±) n for the energy of the n th state when the collocation points on the border are either rejected (E
The notation (±) is used since the two sets approach the exact results either from above (+) or from below (−), as one can see comparing these numbers with the precise results contained in [10, 11] . The reader will certainly notice that the results of Table 2 contain rather large errors: in the case of the fundamental state, for example, one has an error of about 1% from E (+) n and a much larger error of almost 5% for E for the L-shaped membrane corresponding to a grid with N = 60. The reader may notice that the higher end of the spectrum displays a curvature, contrary to the behaviour predicted by Weyl's law, i.e. N ∝ E for large energies. It is easy to show that such effect is artificial: consider for example the case of a particle confined in a unit square, whose energies are given by E nx,ny = (n 2 x +n 2 y )π 2 . The diagonalization of the Hamiltonian (10) for this problem would provide the energies corresponding to the (N − 1) 2 states obtained taking the first N − 1 values of n x and n y . This means that for energies higher than E N = [N 2 − 2N + 2] π 2 the method will provide only the eigenvalues contained inside a square of side N − 1 (in the (n x , n y ) plane), up to a maximal energy
For this reason, the states above E N are incomplete and should not be taken into account for inferring the asymptotic behavior of N . The right panel of Fig.2 
displays the asymmetry defined as
n ) for the same grid: this quantity provides an upper estimate for the error. Fig. 3 displays the ground state energy of the L-shaped membrane as a function of the number of grid points and compares it with the precise result of [10] : as already pointed out the two sets approach the exact value from above and below.
Much more precise results can be obtained by performing an extrapolation of the results corresponding to finite grids: this is a common procedure used in the literature (see for example [2] ). I have considered four different extrapolation sets using the numerical results obtained working with grids with N ranging from N = 10 to N = 60 (only even values). Calling h = 2L/N the grid spacing the sets are: Table 2 . Extrapolation of the nine eigenvalues of the L-shaped membrane using the four different sets. The first 6 states correspond to extrapolating the results for grids going from N = 10 to N = 60, with 25 unknown coefficients; the last two states correspond to extrapolating the results for grids going from N = 18 to N = 60, and with 21 unknown coefficients. For a given state, the set with the asterisk corresponds to the minimal value taken by the least squares. The results which do not converge to the exact value have been omitted.
whereN is an even integer which determines the number of coefficients used in the fits. The continuum limit is reached taking h → ∞, where only the coefficient c 0 survives. The unknown coefficients in the expressions (11), (12), (13) and (14) are obtained using a Least Square approach: I show the results of this procedure in Table  2 . In general, the last set provides the best results and indeed it reproduces the first 11 digits of E 1 correctly, using either the values of E (−) 1 or those of E (+)
1 . In the case of E 3 , for which the exact value is known (E 3 = 2π
2 ), I obtain the first 14 digits correct using E (+) 3 and the first 11 digits correct using E (−) 3 . [10] . The set approaching the exact result from above (below) corresponds to E
n ) calculated with a grid with N = 60. In [15] Berry has devised an algorithm for obtaning successive approximations to the geometric properties K j of a closed boundary B given the lowest N eigenvalues E n . The partition function Φ(t) ≡ ∞ n=1 e −Ent obeys an asymptotic expansion for small values of t
where the coefficients K j are related to the geometric properties of B. For example K 0 = A/4π and
Using this asymptotic expansion Berry has obtained accelerated expressions for the geometrical constants of B. In particular for the area of B he has found the approximant (eq.(20) of [15] )
where ξ n ≡ √ E n t. n ; the extrapolation is carried out using the results obtained with grids with N going from N = 48 to N = 60 and assuming E n (N ) ≈Ē n + n N . The approximants obtained with the extrapolated eigenvalues provide excellent approximations to the area and perimeter of the membrane, as seen in Fig.4 . Fig. 5 shows the first two eigenfunctions of the L shaped membrane obtained with a grid corresponding to N = 30. The solid lines appearing in the "forbidden region" correspond to the level ψ(x, y) = 0: the effect observed in the figure is due to the approximation of working with a finite number of grid points. In fact, although a particular LSF vanishes on the points defining the grid, except on a particular point, where it reaches its maximum, it is non-zero elsewhere. This means that the numerical solution can take small values even in the region where the exact solution must vanish; however, the size of this effect decreases as the number of grid points is increased (taking into account that the computational load roughly increases as N 4 ). In the Appendix we propose an alternative procedure which does not involve the diagonalization of larger matrices and which can be used to improved the results obtained with a given grid. 
The Africa drum
I will now examine the case of a membrane with an irregular shape. The application of the method proceeds exactly as in the case of the L-shaped membrane: once a grid is chosen, the points of the grid which are internal to the membrane are used to build a matrix representation of the Hamiltonian which, once diagonalized, provides the energies and wave functions of the problem.
As a paradigm of this class of membranes I have studied the vibrations of a drum with the shape of Africa. Unlike in the previous example the border does not cross the grid points, a feature which affects the precision of the results. The plots in Fig.6 display the energies of the first two states of the Africa drum for grids with different N (the dots in the plots) and compare them with the best fit obtained assuming that E(N ) = a + b/N , where a and b are constants independent of N . The irregularity of the border is reflected in the behavior of the eigenvalues which decay with N but at the same time oscillate.
In Fig.7 I show the density plot of four different states of the Africa drum, obtained using a grid with N = 60. In Fig.8 I show the wave function of the ground state of the Africa drum, obtained using a grid with N = 60.
Isospectral membranes
In a classic paper dated 1966, [16] , Kac formulated an interesting question: whether it is possible to hear the shape of a drum, meaning if the spectrum of frequencies of a given drum is unique to that drum or drums with different shapes can have the same spectrum. The question was finally answered in 1992, when Gordon, Webb and Wolpert found a first example of inequivalent drums having the same spectrum [17] . An experiment made by Sridhar and Kudrolli reported in [18] used microwave cavities with the shape of the drums of [17] to verify the equality of the spectrum for the lowest 54 states. More recently the same experiments have been carried out on isospectral cavities where the classical dynamics changes from pseudointegrable to chaotic [19] . Numerical calculations of the first few modes of the isospectral drums found in [17] have been performed with different techniques: Wu, Sprung and Martorell [20] have used a mode matching method to calculate the first 25 states of these drums and compared the results with those obtained with finite difference; using a different approach Driscoll [21] has also calculated the first 25 states obtaining results which are accurate to 12 digits; Betcke and Trefethen [10] have used their modified version of the method of particular solutions to obtain the first three eigenvalues of these drums, reporting results which are slightly more precise than those of Driscoll.
I will now discuss the application of the present method to the calculation of the spectrum of these isospectral membranes: whereas in the case of the L-shaped membrane the border of the membrane was sampled by the grid, regardless of the grid size (keeping N even), in the case of the isospectral membranes this happens only for grids where N = 6k, with k integer. It is important to restrict the calculation to this class of grids to avoid the oscillations observed in the case of the Africa membrane. I have thus applied the method with grids ranging from N = 6 to N = 120 §. ).
The plot in Fig.9 displays the ground state energy of the first isospectral membrane calculated at different grid sizes. The horizontal line is the precise value given in [10] . The set approaching this value from above (below) corresponds to the application of the method rejecting (accepting) the grid points falling on the border. The corresponding plot for the second isospectral membrane is almost identical and therefore it is not presented here.
In Table 4 I report the energies of the first 30 states obtained using Richardson extrapolation [22] on the results for grids going from N = 66 to N = 120. The second and third columns are the energy of the first isospectral membranes obtained with the sets which reject (E (+) n ) or accept (E (−) n ) the grid points falling on the border, which as seen in the case of the L-shape membrane provide a sequence of numerical values approaching the exact eigenvalue from above and from below respectively. The last two columns report the analogous results for the second isospectral membrane. Notice that some of the energies in the third column are clearly incorrect.
A further empirical verification of the isospectrality of the two membranes is presented in Fig.10 , where I have plotted the asymmetry A n ≡ (E
) for the first 2000 states of the isospectral membranes. In this case E
) is the energy of the n th state of the first (second) membrane obtained using Richardson extrapolation of the grids with N = 114 and N = 120.
An unusual drum
I will now consider a further example by looking at a particular membrane originally studied by Trott in [23] : this drum is shown in Fig.12 and consists of a total of 308 units squares which are joined into a rather irregular form. Theoretical and experimental studies carried out on drums with fractal or irregular boundaries have shown that the wave excitations for these drums are drastically altered [24, 25, 26] : in particular, the Weyl law for these membranes is modified in a way which depends on the fractal dimension of the perimeter (see for example [27] ), the so called Weyl-BerryLapidus conjecture. Recently the vibrations of a uniform membrane contained in a Koch snowflake have been studied in two papers, [28, 29] .
The paper by Trott is both interesting in its physical and mathematical content and as an example of the excellent capabilities of Mathematica to handle heavy numerical calculations: as a matter of fact Trott uses a finite difference approximation of the Laplacian on a uniform grid and samples the membrane in 28521 internal points. Explicit numerical values for the first 24 modes are reported.
I have therefore considered the same problem using the LSF with grids of different size (up to N = 250 which leads to the same grid of [23] ). Figure 13 displays the energy of the fundamental mode of this membrane as a function of the size of N . The dashed horizontal line in the plot represents the result of [23] , E 1 = 6.64705: the points on the upper part of the plot correspond to N going from 50 to 250, with intervals of 50. For these particular values of N the border of the membrane is sampled by the grid and therefore more accurate results are expected. The grid points on the border are rejected, which leads to eigenvalues which approach the exact results from above, as seen in the previous examples. The points in the lower part of the plot correspond to grid sizes varying from N = 52 to N = 148, excluding N = 100: in this case the values approach the exact result from below, although in doing so they also oscillate reflecting the treatment of the border (a behaviour already observed in the case of the Africa membrane). As mentioned above the finest grid corresponds to sampling the membrane on 28521 internal points and therefore to working with a 28521 × 28521 square matrix. Given that the matrix obtained with the LSF is a sparse symmetrix matrix, it is possible to deal efficiently with it in Mathematica, applying the Arnoldi method to extract a limited sequence of eigenvalues/eigenvectors. The reader will notice that in this example I have not considered the set corresponding to accepting the grid points falling on the border, as done in the case of the L-shaped and of the isospectral membranes: although this set provides a sequence of values which uniformly approach the value at the continuum, the number of grid points sampled is quite large because of the large perimeter of the membrane. For example, for N = 100, this set samples the membrane on 7029 points, compared with the N = 3801 points used in the other set.
The Figure also displays the improved ground state energies obtained using the "mesh refinement" procedure described in the Appendix (the three green points): the eigenvector for a given grid is extrapolated to a finer grid rejecting contributions in the "forbidden region" (i.e. falling outside the border of the membrane). The improved energy estimate corresponds to the expectation value of the Hamiltonian in this state and thus it requires no diagonalization. The results displayed in the figure correspond to extrapolation to a grid which is twice finer. Figure 12 . The unusual drum considered by Trott [23] . The black area is the surface of the drum; the red points are the collocation points corresponding to N = 50. Figure 13 . Energy of the ground state of the unusual drum as a function of N . The horizontal line is the result of [23] ; the points approaching the horizontal line from above correspond to configurations where the border is sampled by the collocation points (and as discussed in the case of the L-shaped membrane are rejected). The green points correspond to the results obtained with the "mesh refinement" procedure described in the Appendix.
Bound states in the continuum
It is well known that the spectrum of the Laplacian with Dirichlet boundary conditions may contain bound states even for open geometries, in correspondence of crossings or bendings of the domain. For example, Schult et al. [30] have studied the problem of two crossed wires, of infinite length, showing that such geometry supports exactly one bound state, localized at the crossing. Avishai and collaborators have also proved the existence of a bound state in the broken strip configuration for arbitrarily small angles, see [31] (more recently Levin has proved the existence of one bound state in the broken strip for any angle of the strip [32] ). Goldstone and Jaffe [33] have given a variational proof of the existence of a bound state for an infinite tube in two and three dimensions, provided that the tube is not straight. Other interesting configurations which support bound states in the continuum have been studied by Trefethen and Betcke [11] .
The example which I will consider here is somehow related to the crossed wires configuration studied by Schult at al. I have considered a set of horizontal and vertical wires, of neglegible trasverse dimension, which are contained in a square box of size 2. Callingn the number of wires in each dimension,n 2 is the number of crossings between these wires (for simplicity the wires are assumed to be equally spaced). This configuration can be easily studied in the present collocation approach, by sampling the wires on a grid and by then diagonalizing the Hamiltonian obtained following this procedure. The resulting energies calculated in this way will clearly depend on the spacing of the collocation grid, h, and diverge as h is sent to zero. To obtain finite results one needs to multiply these eigenvalues by h 2 , which eliminates the divergence caused by the shrinking of the transverse dimension. Following this procedure I have studied different configurations, corresponding to choosing different value ofn (going fromn = 1 ton = 4) and I have found that a given configuration has precisely the same number of bound states as the number of crossing. These bound states happen to be almost exactly degenerate and correspond to wave functions which are localized on the vertices.
In Table 4 I report the energy (multiplied by h 2 ) of the bound states and of the first unbound state (E gap ) for the different configurations. These results have been obtained using a fine grid corresponding to h = 1/300 and show that the bound states are preciselyn 2 as anticipated and they are essentially degenerate; the energy of the bound states and of the gap are also found to be almost insensitive ton, which can be interpreted as a sign of confinement of a state to the crossings. I have also checked the dependence of these results upon N (or equivalently upon h) observing that the energies can be fitted excellently as E = a + b/N 2 ; for example in the case of the ground state of the configuration withn = 4 I have obtained: E = 2.59874 − 44.6364/N 2 . Table 4 . Energies of the bound states for configurations with different number of crossings, using N = 600, corresponding to a spacing h = 1/300.
In Fig.14 I have plotted the wave function of the ground state of the configuration corresponding ton = 4 using a grid with N = 500. The wave function is clearly localized at the crossings between the wires. Similar behaviour is observed for the remaining 15 bound states.
Collocation with conformal mapping
The examples considered in the previous Sections show that it is possible to obtain the spectrum of the negative Laplacian over regions of arbitrary shape by using a collocation scheme, where the boundary conditions need not to be explicitly enforced on the border. Clearly, the precision of this approach should improve if the boundary conditions would be enforced exactly on the border of the membrane. One way of achieving this result is by mapping conformally the shape of the membrane into a square (or a rectangle), on whose border the LSF obey Dirichlet boundary conditions. I will discuss explicitly two examples of how this is done.
Circular membrane
As a first example I consider a circular homogeneous membrane, which is exactly solvable (see for example [1] ) and therefore it can be a useful tool to test the precision of the present method.
The function
sn z F sin
maps the unit square in the w complex plane into the unit circle in the complex z plane, as seen in Fig. 15 . Under this mapping the original equation,
with Dirichlet boundary conditions on the unit circle, is mapped to
with Dirichlet boundary conditions on the unit square. Here σ(z) ≡ dw dz 2 and eq. (19) describes the vibrations of a non-uniform square membrane. Although in the previous Sections I have restricted the application of the method to the case of uniform membranes of arbitrary shapes, the method can be applied also to inhomogenous membranes straightforwardly. Let me briefly mention how this is done. As a first step eq. (19) may be written in the equivalent form
The operatorÔ ≡
∆ is evaluated on a uniform grid in the z-plane using the Little Sinc Functions (LSF). The action of the operator over a product of sinc functions can be calculated very easily, as explained in the previous Sections. To make the discussion simpler, I restrict to the equivalent one dimensional operator and make it act over a single LSF:
The matrix representation of the operator over the grid may now be read explicitly from the expression above. The reader should notice that the matrix will not be symmetric unless the density is constant .
Using this approach I have considered grids with N = 10, 20, . . . , 80 and I have have calculated the first four even-even eigenvalues, which are shown in Table 5 . Taking into account the symmetry of problem I have used symmetrized LSF, which obey mixed boundary conditions (Dirichlet at one end and Neumann at the other hand): in this way, for a given value of the N a grid of (N/2) 2 points is used. As mentioned before the
In general the calculation of the eigenvalues and eigenvectors of non-symmetric matrices is computationally more demanding than for symmetric matrices of equal dimension. Figure 15 . Unit square in the z plane and the corresponding unit cirle in the w plane reached through the trasformation (17) . Table 5 . Even-even spectrum of the circular membrane: first four eigenvalues exact eigenvalues for this problem are known (the zeroes of the Bessel functions): these are reported in the last row.
In fig. 17 I have plotted the lowest eigenvalue of the circular membrane corresponding to different N and I have fitted these points using functions like c 0 +c 1 /N r , with r = 3, 4, 5 (the dashed, solid and dotted lines in the plot). This plot shows that the leading (non-constant) behaviour of the numerical energy for N 1 is 1/N 4 . Taking into account this behaviour I have considered the quantity
where Q = 8 and I have obtained the coefficients α n by minimizing Ξ Q (notice that this expression takes into account the leading 1/N 4 behaviour just discussed). The row marked as LSQ 8 displays the quite precise results obtained following this procedure.
I would like to discuss briefly a different issue. In [34] Gottlieb has used the Moebius Figure 16 . Density of the inhomogeneous square membrane isospectral to the homogeneous circular membrane. 
to map the unit circle onto itself. This mapping transforms the homogenoeous Helmoltz equation for a circular membrane into the inhomogeneous Helmoltz equation for a circular membrane with density
Gottlieb uses this result to conclude that membranes corresponding to different densities, i.e. different values of a, are isospectral, thus providing a negative answer to the famous question "Can one hear the shape of a drum?", posed by Kac in [16] . I wish to move our discussion on computational grounds: for a given a the mapping of eq. (23) deforms the grid inside the unit circle; as a is changed, the grid points move, as shown in Fig. 18 . The case a = 0 is plotted in the right panel of Fig. 15 . Clearly, if the density of the membrane is constant, or symmetric with respect to the center, one expects that a = 0 provide the best grid. In Fig. 19 I have plotted the logarithm of the difference between the approximate and exact energy for the ground state of a circular membrane, ∆ ≡ Log 10 (E N − E exact ), using three values of a (a = 0, 0.4 and 0.8). These numerical results confirm the prediction made: stated in different terms one can conclude that for a given problem one can improve the numerical accuracy of a calculation by selecting an optimal grid among those obtained through a conformal map of the region onto itself. The optimization of the parameter a depending on the specific problem considered is in the same spirit of the variational approach used in [35, 13, 14] and could provide a useful computational tool to boost the precision of the results. 
Circular waveguide
The second example of application of conformal mapping to the solution of the Helmholtz equation is taken from the paper of Kuttler and Sigillito [2] (this problem was also studied earlier by Moler, in ref.
[101] of [2] ).
In Fig.20 two regions of the plane are displayed: the left plot corresponds to a square of side π centered on the origin in the z = x + iy plane; the right plot corresponds to a circular waveguide with circular ridges in the w = u + iv plane. The function w = tan z 2 maps the first region into the second one.
As I have shown for the case of the circular membrane, the homogeneous Helmoholtz equation over the second region may be transformed into an inhomogeneous Helmholtz equation over the square:
In the present case σ(z) ≡ dw dz 2 = (cos x + cosh y) 2 and Dirichlet boundary conditions are assumed on the borders of the two regions.
In Tables 1,2 and 3 of their paper, Kuttler and Sigillito report different estimates for the first 12 even-even eigenvalues, obtained using different approaches. In Table 2 they also apply Richardson extrapolation to the eigenvalues obtained with finite difference. In the case of the ground state of this membrane they also mention the precise value obtained by Moler using the method of point matching
In Table 6 I report the even-even eigenvalues of the eq. (25) obtained using collocation with different values of N . The results corresponding to the ground state are plotted in Fig. 21 and fitted using functions like c 0 + c 1 /N r , with r = 3, 4, 5 (the dashed, solid and dotted lines in the plot). This plot proves that the leading (non-constant) behaviour of the numerical energy for N 1 is 1/N 4 , as for the circular membrane. The results in the Table have also been extrapolated using a least square approach
where Q = 7, 8 and α n are coefficients which are obtained by minimizing Ξ Q . Notice that this expression takes into account the leading 1/N 4 behaviour just discussed. The rows marked as LSQ 7,8 display the results obtained following this procedure (the comparison between the results for Q = 7 and Q = 8 gives an indication over the precision reached): in particular the energy of the ground state reproduces all the digits of the result obtained by Moler. It is also remarkable that the energies obtained with the conformalcollocation method decrease monotonically when the number of collocation points is increased (the only exception is represented by the E 10 for N = 10, probably due to the limited number of collocation points).
As a technical remark, one should notice that the results corresponding to a given value of N are obtained using a set of N/2 symmetric (even) functions for each direction, 
Conclusions
In this paper I have used a collocation method based on LSF to obtain the numerical solutions of the Helmholtz equation over two-dimensional regions of arbitrary shape. A large number of examples has been studied, illustrating the great potentialities of the present method. Among the principal virtues of this method I would like to mention its generality (it can be applied to membranes of arbitrary shapes, including inhomogeneous membranes, and to the Schrödinger equation -although I have not done this in the present paper), its simplicity (the matrix representation of the Helmholtz operator is obtained directly by collocation, and therefore it does not require the calculation of integrals) and the possibility of combining it with a conformal mapping, as done in the last Section. In this last case, a rapid convergence to the exact eigenvalues is observed as the number of grid points is increased. In the case where the border is not treated exactly it has also been observed that the method provides monotonous sequences of approximations to the exact eigenvalue either from above or from below. Readers interested to looking at more examples of application of this method may find useful to check the gallery of images which can be found at \protect\vrule width0pt\protect\href{http://fejer.ucol.mx/paolo/drum}{http://fejer.ucol.
Appendix A. Mesh refinement
Although the collocation method described in this paper allows one to obtain precise solutions to the Helmholtz equation over domains of arbitrary shape, in general the Dirichlet boundary conditions are not enforced exactly over all the boundary. As discussed in Section 7 the best approach consists of introducing a conformal map, which allows one to go from the original problem to an inhomogenous Helmoltz problem over a square: in such case the Dirichlet boundary conditions are imposed exactly and rapid convergence to the exact solutions is observed. In general, however, finding such a conformal map can be a difficult task and therefore the first approach may be more appealing. I will discuss here a simple procedure to "refine" the results obtained by direct collocation of the Helmholtz equation over the grid. The fundamental observation is that the LSF that we have used do vanish on the grid points on the border and external to the membrane, but they are nonzero in all the other points external to the membrane. Therefore the cumulative effects of the LSF internal to the membrane can be seen also outside the membrane, although it will tend to disappear as the number of grid points is increased. This solution, to increase the number of grid points, may be the most obvious but it is certainly not appealing computationally, since increasing the number of grid points strongly increases the computational cost (remember that the number of matrix elements grows as N 4 ). However we can use much simpler procedure, which does not require any additional diagonalization. Call N the parameter defining the size of the grid: a point in this grid is described by the direct product of the LSF in the x and y directions. In the Dirac notation we write x, y|k, k h ≈ s k (h, x)s k (h, y) , (A.1) assuming for simplicity that the grid has the same spacing in both directions. Let us now concentrate on one of the LSF, say the one in the x direction: we take a finer grid, with a spacing h = h/l, where l is a integer. The new grid contains now (lN −1) points, including obviously the original grid points. However, it is clear that the original LSF can be decomposed in the new grid as where v (n) is the n th eigenvector. Clearly ψ n (x, y) differs from 0 even in points of the refined grid which fall outside the membrane profile. We introduce a new matrix whose elements are given by wherec (2) is the matrix for the second derivative on the refined grid. An example of application of this procedure is shown in Fig.13 .
